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Abstract
The path integral of four dimensional quantum gravity is restricted to conformally
self-dual metrics. It reduces to integrals over the conformal factor and over the moduli
space of conformally self–dual metrics and can be studied with the methods of two
dimensional quantum gravity in conformal gauge. The conformal anomaly induces an
analog of the Liouville action. The proposal of David, Distler and Kawai is generalized
to four dimensions. Critical exponents and the analog of the c = 1 barrier of two
dimensional gravity are derived. Connections with Weyl gravity and four dimensional
topological gravity are suggested.
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1. Introduction
The path integral of two dimensional quantum gravity in conformal gauge essen-
tially reduces to an integral over the conformal factor. Its dynamics are provided by
the conformal anomaly which can be integrated to give the Liouville action.
[1]
David,
Distler and Kawai (DDK) proposed reformulating the theory in terms of free fields
propagating in a fictitious gravitational background with a marginal operator in the
role of the cosmological constant term.
[2][3]
The scaling laws derived from this pro-
posal, e.g. for the fixed area partition function Z(A) at zero cosmological constant,
are in agreement with the results from light cone gauge,
[4]
computer simulations
[5]
and
matrix models.
[6]
These laws have been derived for two dimensional quantum gravity
coupled to conformal field theories with c ≤ 1, including nonunitary ones.
It is natural to ask whether we can apply the same methods to four dimensional
quantum gravity and, e.g., derive the analog of the c = 1 barrier or scaling laws that
could be compared with computer simulations. In this paper I show that this is the
case at least if we restrict ourselves to conformally self-dual metrics: the path integral
to study is
∫
Dg Dx Dp e−Smat[g,x]−
∫
M
d4x
√
g(λ+γR+ηR2+ipW+) O1[g, x]...On[g, x] (1.1)
with a Lagrange multiplier p. The manifold M has fixed topology and Euclidean
signature. x represents some conformally invariant matter fields, O1...On are local
operators, λ and γ are the cosmological and inverse Newtonian constants. The R2-
term will be needed to cancel an R2-term from the conformal anomaly and will
disappear in the end. W± is the (anti-) self-dual part of the (traceless) Weyl tensor
W± µνστ ≡ 1
2
(Wµνστ ± 1
2
ǫ αβµν Wαβστ ),
Wµνστ = Rµνστ − 1
2
(gµσRντ + gντRµσ − gµτRνσ − gνσRµτ ) + 1
6
(gµσgντ − gµτgνσ)R.
The Lagrange multiplier p is a 4th rank self-dual tensor field which (like W+) trans-
forms as (2,0) under the Euclideanized Lorentz group SO(4) ∼ SU(2)× SU(2), i.e.,
like a spin 2 field.
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The merit of p is that it reduces the path integral over the metric to an integral
over the finite dimensional moduli space of conformally (anti-) self-dual metrics, the
conformal factor and the diffeomorphism group, as will be explained. This makes
(1.1) similar to two dimensional quantum gravity, the moduli space of conformally
self-dual metrics playing the role of the moduli space of Riemann surfaces. As a
consequence, we will be able to apply the same methods.
Why is “conformally (anti-) self-dual quantum gravity” interesting? One reason
is that it is a four dimensional model for gravity that we might be able to quan-
tize consistently and solve and in which we can nicely study, e.g., the effects of the
conformal anomaly. It is a much richer toy model than two dimensional quantum
gravity, because there the one dimensional universes have no geometry, only a total
length, and the wave function of the universe is therefore relatively trivial. Confor-
mally self-dual gravity will also be argued to describe renormalization group fixed
points of gravity with a Weyl term, characterized by infinite Weyl coupling constant.
One might speculate that they correspond to long or short distance “phases”. One
might also hope that some of the results found in this infinite coupling limit prevail
qualitatively at finite or zero Weyl coupling.
Of course, there is a well known ghost problem common to all fourth order deriva-
tive actions (like the Weyl action:) we can rewrite them in terms of new fields with
two derivatives only, but some of them will have the wrong sign in the kinetic term.
With Minkowskian signature this leads to nonunitarity. Two types of fourth order
derivative terms will arise in this paper: terms quadratic in the curvature, and a new
term induced by the conformal anomaly which makes the model renormalizable. The
former will either be tuned away in the end or decouple. The ghosts arising from the
latter might decouple due to the reparametrization constraints, as in string theory.
In any case, they will not affect the calculations done.
Part of this paper is concerned with the four dimensional analog of the Liouville
action and of DDK. In a different context the induced action for the conformal factor
and its renormalization have also been studied recently by Antoniadis and Mottola. I
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have used some of their calculations.
[7]
However, when I discuss the four dimensional
analog of DDK’s method of decoupling the conformal factor from its measure, my
treatment and my conclusions will differ from those of [7]. I will state the main
differences.
In section two, (1.1) without the operators will be rewritten as an integral over
moduli space and over the conformal factor φ with a few determinants in its gravita-
tional background. As in two dimensions, the determinants can be decoupled from φ
by introducing a 4D analog of the Liouville action. Its form has already been found
in [7]. It consists of a free 4th order derivative piece (essentially φ ⊔⊓2φ) plus pieces
that renormalize λ, γ and η in (1.1), as explained in section 3.
In quantum gravity the measure Dgg for the metric is defined with respect to
the fluctuating metric itself. In two dimensions, DDK (further elaborated in
[8]
) re-
placed the conformal factor by a field whose measure is defined with respect to some
background metric and whose action is again the Liouville action with modified coeffi-
cients, determined by requiring that the choice for the background metric is irrelevant.
In chapter 4, the same is done in four dimensions. The cosmological constant, the
Hilbert-Einstein term and the R2 term should each become truly marginal operators
of the new theory, but so far I have verified this only for the cosmological term.
In section 5 scaling laws in conformally self-dual quantum gravity are derived,
similar to the two dimensional ones.
∗
I will discuss the partition function at fixed
volume or average curvature, and the correlation functions of local operators in their
dependence on the cosmological constant. It would be very interesting to explore
whether the condition W+ = 0 can be imposed in computer simulations of random
triangulations. Then these predictions could be compared with “experiment.”
Section 6 discusses the connection of (1.1) with fixed points of gravity with a
Weyl term. It is also suggested that conformally self-dual gravity is connected with
four dimensional topological gravity,
[9]
as in the two dimensional case.
[10]
∗ the values of the exponents and the analog of the c = 1 barrier can be found in the note added
at the end of the paper
3
2. Conformal Gauge
The Lagrange multiplier p in (1.1) restricts the path integral over g to conformally
self-dual metrics, i.e. metrics withW+ = 0. W+ has five independent components and
the conditionW+ = 0 is Weyl- and diffeomorphism invariant. So up to a finite number
of moduli the five surviving components of the metric will be the conformal factor
and the diffeomorphisms. Let mi parametrize the moduli space of conformally self-
dual metrics modulo diffeomorphisms x→ x+ ξ and Weyl transformations g → geφ.
Let us fix a representative gˆ(mi) via, say, the condition Rˆ = 0 and Lorentz gauge
∂µgˆµν = 0 and let us pick a conformally self dual metric
g0 = (gˆ(mi)e
φ)ξ (2.1)
where ξ indicates the action of a diffeomorphism. At g0 we can split up g:
δgµν = g0µνδφ+∇(µδξν) + δh¯µν .
The four δξ’s generate infinitesimal diffeomorphisms and the five h¯µν parametrize
the space of metrics perpendicular to ξ, φ and the moduli, i.e., perpendicular to
the conformally self dual ones. The measure for g is defined, in analogy to two
dimensions[1], by
‖δg‖2 ≡
∫
d4x
√
g(4(δφ+
1
2
∇µδξµ)2 + (Lδξ)2 + (δh¯)2) (2.2)
with
(Lδξ)µν ≡ ∇(µδξν) −
1
2
gµν∇ρδξρ. (2.3)
Apart from restricting the path integral, integrating out p and h¯ in (1.1) will con-
tribute the determinant
det(O†O)−
1
2
g0 (2.4)
4
where O† is the linearized W+-term
(O†g0h¯)µνστ ≡ limǫ→0
1
ǫ
(W+ µνστ [g0 + ǫh¯]−W+ µνστ [g0]), (2.5)
O is its adjoint and O†O is a 4th order, conformally invariant, linear differential
operator in the curved background g0, acting on p.
We are left with an integral over the conformal equivalence class of each gˆ. From
(2.2) it is seen that changing variables from g to φ and ξ in this equivalence class
leads to a Jacobian
det(L†L)
1
2
g
where the zero modes of the operator L, defined in (2.3), have to be projected out.
After dropping the integral over the diffeomorphism group Dξ (since gravitational
anomalies can occur only in 4k+2 dimensions
[11]
) the path integral (1.1) without
the operator insertions reduces to an integral over the moduli space of conformally
self-dual metrics and φ:
∫ ∏
i
dmi Dφ det(O
†O)−
1
2
gˆeφ
det(L†L)
1
2
gˆeφ
det(△)−
1
2
gˆeφ
e−
∫
d4x
√
g(λ+γR+ηR2) (2.6)
where the matter partition function has been denoted by det(△)− 12 . Despite of the
notation, the conformally invariant matter is allowed to be fermions, Yang-Mills fields,
etc., as well as conformally coupled scalars.
The moduli space of conformally self-dual metrics is a very interesting subject by
itself which will not be discussed here. On the four sphere its dimension is zero: all
conformally self-dual metrics on S4 are conformally flat. On K3, e.g., its dimension
is 57.
[12]
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3. Liouville in 4D
Let us now decouple the determinants in (2.6) from φ. For conformally invariant
differential operators X :
∗
detXgˆeφ = detXgˆe
−Si[gˆ,φ] (3.1)
where the induced action Si is obtained from integrating the trace anomaly of the
stress tensor
[13]
−2δSi[gˆ, φ]
δφ
=
√
g < T µµ >=
1
16π2
√
g[a(F +
2
3
⊔⊓R)+ bG] −4λ′√g−2γ′√gR (3.2)
where F = W 2+ + W
2− is the square of the Weyl tensor. (3.2) has, apart from the
divergent parameters λ′ and γ′, two finite parameters a, b. √gG is the Gauss-Bonnet
density whose integral over the manifold is proportional to the Euler characteristic.
Following Antoniadis and Mottola [7], (3.2) can actually easily be integrated by noting
that with g = gˆeφ the combination
√
g(G− 2
3
⊔⊓R) =
√
gˆMˆ φ+
√
gˆ(Gˆ− 2
3
⊔ˆ⊓Rˆ)
is only linear in φ with the fourth order differential operator
Mˆ ≡ 2 ⊔ˆ⊓2 + 4Rˆµν∇ˆµ∇ˆν − 4
3
Rˆ ⊔ˆ⊓+ 2
3
(∇ˆµRˆ)∇ˆµ
= 2 ⊔ˆ⊓2 + 4Rˆµν∇ˆµ∇ˆν if Rˆ = 0
= 2 ⊔ˆ⊓2 if gˆ = δeφ0 .
(3.3)
√
gF is independent of φ and
√
g ⊔⊓R integrates to the R2 action. So the four di-
mensional analog of the Liouville action consists of a free part plus a cosmological
constant term, a Hilbert-Einstein term and an R2 term:
∗ More precisely, if X ≡M †M , M has to transform as epφMeqφ under g → geφ. It can be shown
that L transforms as eφLe−φ.
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Si[gˆ, φ] =
−b
32π2
S0[gˆ, φ] +
−a
32π2
S1[gˆ, φ] +
a + b
72π2
SR2 + γ
′SR + λ′Sc.c. (3.4)
where
S0[gˆ, φ] =
∫
d4x
√
gˆ[
1
2
φMˆφ+ (Gˆ− 2
3
⊔ˆ⊓Rˆ)φ]
S1[gˆ, φ] =
∫
d4x
√
gˆFˆ φ
Sc.c =
∫
d4x
√
gˆe2φ
SR =
∫
d4x
√
gˆeφ[Rˆ− 3
2
(∇ˆφ)2 − 3 ⊔ˆ⊓φ]
SR2 =
∫
d4x
√
gˆ[Rˆ− 3
2
(∇ˆφ)2 − 3 ⊔ˆ⊓φ]2
(3.5)
b will turn out to be negative for ‘normal’ operatorsX . γ′, λ′ and a+b72π2 just renormalize
γ, λ and η. A φ-independent local term
−
∫
d4x
√
gˆ(
a+ b
72π2
Rˆ2 + γ′Rˆ + λ′) (3.6)
has been omitted in (3.4) and will frequently be omitted in the following. If it is
included we see from (3.1) that for some action Sj :
Si[gˆ, φ] = Sj[gˆe
φ]− Sj[gˆ]. (3.7)
−b
32π2S0 is the 4D analog of the 2D action
S2D =
c
48π
∫
d4x
√
gˆ(
1
2
φ ⊔ˆ⊓φ− Rˆφ).
If gˆ = g˜eφ0 , S0 can be written:
S0[gˆ, φ] =
∫
d4x
√
g˜
1
2
[(φ+ φ0)M˜(φ+ φ0)− φ0M˜φ0]. (3.8)
Adding up the anomaly coefficients in (3.2) for det(O†O)−
1
2 , det(L†L)+
1
2 , det∆−
1
2 ,
A0 ≡ aO + aL + amat B0 ≡ bO + bL + bmat, (3.9)
(2.6) can now be rewritten as
7
∫ ∏
i
dmi χ(mi)
∫
Dφ e
B0
32pi2
S0[gˆ,φ]+
A0
32pi2
[gˆ,φ]−η1SR2−γ1SR−λ1Sc.c.
χ(mi) ≡ det(O†O)−
1
2
gˆ(mi)
det(L†L)
1
2
gˆ(mi)
det(△)−
1
2
gˆ(mi)
(3.10)
χ(mi) is now purely a function of the moduli mi, once we have fixed a representative
gˆ(mi) for each point in moduli space.
The coefficients a and b in (3.2) have been calculated for, e.g., [13]
conformally coupled scalars (△ ∼ ⊔⊓ − 16R): a0 = 1120 b0 = − 1360
spin 12 (four component) fermions: a 12
= 6120 b 12
= − 11360 (3.11)
massless gauge fields: a1 =
12
120 b1 = − 62360
aO, aL, bO, bL, as well as aM , bM of M in (3.3), which will also be needed later,
can in principle be calculated as usual with the Schwinger-de Witt method.
∗
This
will be tedious, especially for the fourth order derivative operator O†O which acts
on a 4th rank tensor field and is the sum of many components. It may be easier to
study the operator product expansion of the flat space stress tensor with itself and to
see whether one can infer the anomaly coefficients a, b from it, as in two dimensions.
There the central charge c is read off from
T (z)T (w) ∼
c
2
(z − w)2 + ... .
Note that the fourth order derivative induced action makes the theory power
counting renormalizable, and also bounded if b < 0. The price is the existence of a
ghost, the general problem of fourth order derivative actions mentioned in the intro-
duction. It has already been suggested in [7] that the reparametrization constraints
Tµν ∼ 0 eliminate these ghosts from the physical spectrum as they do in two dimen-
sions.
[14]
This will be very interesting to explore in the future.
∗ see the note added at the end of the paper for the values.
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4. David, Distler and Kawai in 4D
Let us now focus on the φ integral over the conformal equivalence class of gˆ:
Z[gˆ] ≡
∫
Dgˆeφ φ e
B0
32pi2
S0[gˆ,φ]+
A0
32pi2
S1[gˆ,φ]−η1SR2−γ1SR−λ1Sc.c. (4.1)
where the dependence of Z on η1, γ1 and λ1 has been suppressed. In Dgˆeφφ it is
indicated that the measure for φ depends on φ itself, namely in two ways: First, the
metric itself must be used to define a norm in the space of metrics:
‖δφ‖2 ≡
∫
d4x
√
g (δφ(x))2 =
∫
d4x
√
gˆe2φ(x)(δφ(x))2.
Second, in order to define a short distance cutoff one should also use the metric gˆeφ
itself: the cutoff fluctuates with the field. Let us follow David, Distler and Kawai
[2],[3] and assume that the φ-dependence of the measure in (4.1) can be absorbed in a
local renormalizable action:
Dgˆeφ φ e
−Si[gˆ,φ] = Dgˆ φ e−Sloc[gˆ,φ], (4.2)
where now on the right-hand side
‖δφ‖2 ≡
∫
d4x
√
gˆ(δφ(x))2
and the cutoff no longer fluctuates.
What is Sloc? Although the φ- dependence of the measure in (4.1) looks incon-
venient we do learn something important from (4.1): simultaneously changing
gˆµν → gˆµνeφ0 , φ→ φ− φ0
does not change the measure or SR2, SR, Sc.c.. It does change the induced action.
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From (3.7) we see (reinstating the φ- independent terms (3.6) into (4.1)):
Si[gˆ, φ]→ Si[gˆ, φ]− Si[gˆ, φ0]
We conclude
Z[gˆeφ0 ] = Z[gˆ] eSi[gˆ,φ0] (4.3)
that is, the φ-theory behaves as if it were a conformal field theory with conformal
anomaly (3.2) given by a = −A0, b = −B0. This is, of course, precisely what is
needed in order to insure that the background metric is really a fake: if we vary it,
gˆµν → gˆµνeφ0, the variation of the determinants in (3.10) is determined by their total
conformal anomalies +A0, +B0, defined in (3.9), and that just cancels the −A0, −B0
from the φ theory.
So let us replace (4.1) as in (4.2) by a four dimensional conformal field theory
with conformal anomaly given by
a = −aO − aL − amat, b = −bO − bL − bmat. (4.4)
I will propose – and justify in a moment – that as in two dimensions Sloc in (4.2) is
again the induced action with modified coefficients A,B and modified interactions:
Z[gˆ] ∼
∫
Dgˆ φ e
B
32pi2
S0[gˆ,φ]+
A
32pi2
S1[gˆ,φ]−η2SˆR2−γ2SˆR−λ2Sˆc.c. (4.5)
where SˆR2 , SˆR, and Sˆc.c. are marginal operators of the free theory given by S0 and S1
and will be discussed below.
The free theory (η2, γ2, λ2 = 0) of (4.5) has conformal anomaly
a = −A + aM , b = −B + bM (4.6)
where M is the operator (3.3). This can be seen as follows: Setting gˆµν = g˜µνe
φ0 we
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see from (3.8):
∫
Dgˆ φ e
B
32pi2
S0[gˆ,φ]+
A
32pi2
S1[gˆ,φ]
=
∫
Dgˆ φ e
∫
d4x
√
g˜{ B
64pi2
[(φ+φ0)M˜(φ+φ0)−φ0M˜φ0]+ A32pi2 [F˜ (φ+φ0)−F˜ φ0]}
= e−
B
32pi2
S0[g˜,φ0]− A
32pi2
S1[g˜,φ0]
∫
Dgˆ φ e
∫
d4x(
√
gˆ B
64pi2
φMˆφ+ A
32pi2
Fˆφ)
(4.7)
by shifting φ → φ + φ0 and using the fact that √gM and √gF are conformally
invariant. So −A,−B are the “classical” contributions∗ to (4.6) and aM , bM are the
quantum contributions from M . Therefore we see from (4.4) that the ansatz (4.5) is
consistent if
A = aO + aL + amat + aM , B = bO + bL + bmat + bM . (4.8)
How do we know that aM , bM do not depend on the moduli mi? The only local scale
invariant quantity they could depend on is
∫ √
gˆFˆ , which is a topological invariant
in the case of W+ = 0.
Why does the free part of Sloc in (4.2) have to be of the form of the free part
of the induced action Si again? One can plausibly, though not rigorously, argue as
follows: there are two ways to obtain the right effective action (4.3) via (4.2); (a), Sloc
is classically conformally invariant and a, b come purely from the quantum anomaly or
(b), the “classical” variation of Sloc is of the form of the induced action Si. In case (a)
a and b would be just numbers that will in general not cancel the anomalies as needed
in (4.4) (multiplying Sloc by a factor would then not change the conformal anomaly).
Only in case (b) there are parameters like A,B in a, b that can be adjusted to satisfy
(4.4). But the only local free action whose “classical” variation is the induced action
is the induced action itself.
∗ Here and below I will call these contributions also “anomalies,” although they actually arise
from the fact that the action is classically not quite conformally invariant.
11
Let us now turn to the operators SˆR2 , SˆR and Sˆc.c. in (4.5). The consistency
condition of invariance under rescaling of the background metric (in particular, the
theory is at a renormalization group fixed point) means that the integrands of SˆR2,
the “dressed” Hilbert-Einstein action SˆR and the “dressed” cosmological constant
Sˆc.c. must be locally scale invariant operators. Let us try the ansatz
Sˆc.c =
∫
d4x
√
gˆe2αφ
SˆR =
∫
d4x
√
gˆeβφ(∇ˆφ)2 + ...
SˆR2 =
∫
d4x
√
gˆ(∇ˆφ)4 + ...
(4.9)
with α, β, and “...” determined so that the integrands of (4.9) are scaling operators of
conformal dimension 4, to cancel the −4 from √gˆ. In the language of string theory,
they are vertex operators of our theory of noncritical three branes. All of them should
be moduli deformations, if the background metric gˆ is really fictitious. So far I have
verified this only for Sˆc.c.. The “...” includes possible corrections of order η2, γ2, λ2
that may be needed in order to keep the other operators marginal as we move away
from η2, γ2, η2 = 0. Some calculations with SˆR2 , SˆR and Sˆc.c. can also be found in [7]
(however α = β there).
To calculate the (classical plus anomalous) dimension of e2αφ with action (4.5)
at η2, γ2, λ2 = 0 one may go to conformally flat gˆµν = e
φ0δµν where Mˆ = 2 ⊔ˆ⊓2 and
S1 = 0. Because of the shift φ+ φ0 → φ in (4.7), the condition
dim(e2αφ) = 4 with action ∼ S0
is equivalent to the condition
dim(e2αφ) = 4− 4α with action ∼
∫
d4x φ ⊔⊓2φ. (4.10)
Due to the quartic propagator, this four dimensional theory is formally very similar
to an ordinary free scalar field theory in two dimensions. In particular, : e2αφ : will
12
be a scaling operator. Its dimension in (4.10) is now purely anomalous. It is found
from the two-point function
< e2αφ(x)e−2αφ(y) >∼ e−4α2∆(|x−y|) ∼ |x− y|−8α
2
B , (4.11)
where the propagator
∆(r) =
2
B
log r with − B
16π2
⊔⊓2∆(r) = δ(r)
of the free theory has been used. Thus, dim(e2αφ) = 4α
2
B , and (4.10) becomes:
4− 4α = 4α
2
B
. (4.12)
This determines α once B is known
∗
Similarly, β in SˆR =
∫ √
gˆeβφ(∇ˆφ)2 + ... is
determined by requiring eβφ to have dimension 2:
2− 2β = β
2
B
. (4.13)
α and β are independent of the moduli mi, for the same reason as aM , bM are.
The result for the dimension of the operator epφ agrees with the result of [7]. (Q2
of [7] is −2B) Let me briefly point out two differences of section 4 with [7], where the
theory of the conformal factor was studied as a ‘minisuperspace’ theory rather than
as gravity with a self–duality constraint: First, I did not use the symmetry argument
that was used in [7] to justify (for conformally flat gˆ only) that Sloc in (4.2) is again
the Liouville action. Second, in [7] α was equal to β in (4.9) with the consequence
that the simultaneous presence of SˆR and Sˆc.c. at the fixed point was inconsistent.
This led to a suggestion about the cosmological constant problem, to a different value
for α and will result in a different value for the analog of the ‘c = 1 barrier’ of two
dimensional gravity.
∗ see the note added at the end of this paper.
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As in two dimensions, if Φi is a scaling operator of the matter theory with con-
formal dimension ∆i, the operator
Oi ≡
∫
d4x
√
gˆeγiφΦi
with γi determined analoguously to (4.12) by
4− 2γi = γ
2
i
B
+∆i (4.14)
is a marginal operator that can be added to the action, at least infinitesimally.
Provided that truly marginal operators SˆR2 , SˆR can also be found, we can now
rewrite (3.10) as
∫ ∏
i
dmi det(O
†O)−
1
2
gˆ det(L
†L)
1
2
gˆ
∫
Dgˆx Dgˆφ e
−Smat[gˆ,x]−S[gˆ,φ],
S[gˆ, φ] =
−B
32π2
S0[gˆ, φ] +
−A
32π2
S1[gˆ, φ]
+ ηSˆR2[gˆ, φ] + γSˆR[gˆ, φ] + λSˆc.c.[gˆ, φ].
(4.15)
The index of η, γ, λ has been dropped. (4.15) describes free fields plus marginal
interactions in a gravitational instanton background. A,B are given by (4.8) and
S0, S1, SˆR2, SˆR, Sˆc.c. by (3.5) and (4.9).
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5. Scaling
As an application of the preceding let us derive scaling laws by studying the
integral over the constant mode of φ, as is done in two dimensions
[3], [15]
. The fixed
volume partition function at the critical point η, γ, λ ∼ 0 is defined as
Z(V ) ≡
∫ ∏
i
dmi χ(mi)
∫
Dgˆφ e
B
32pi2
S0[gˆ,φ]+
A
32pi2
S1[gˆ,φ] δ(
∫ √
gˆe2αφ − V ) (5.1)
with χ(mi) as in (3.10). Under the constant shift φ→ φ+ c we see from (3.5):
δS0 = c
∫
d4x
√
gˆGˆ = 32π2cχ
δS1 = c
∫
d4x
√
gˆFˆ = −48π2cτ,
where the topological invariants χ and τ are the Euler characteristic and signature of
the manifold (W+ = 0 here):
[16]
τ =
1
48π2
∫
d4x
√
g(W 2+ −W 2−) and χ =
1
32π2
∫
d4x
√
gG.
From this it follows that
Z(V ) = e(−2α+Bχ−
3
2
Aτ )cZ(e−2αcV )
→ Z(V ) ∼ V −1+ 14α (2Bχ−3Aτ ).
(5.2)
α is given in terms of B by (4.12). For the four sphere (χ = 2, τ = 0),
Z(V ) ∼ V −1+Bα .
This quantity should be the easiest one to check with computer simulations.
∗
∗ See note added at the end of the paper for the value of the exponent
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Inserting operators into (5.1) yields
< O1...On > (V ) ∼ V −1+
1
4α
(2Bχ−3Aτ+2∑ γi)
with γi determined by (4.14). For nonzero cosmological constant λ one finds from
< O1...On >λ=
∫
dV e−λV < O1...On >0 (V ) (5.3)
the scaling behavior
< O1...On >λ∼ λ−
1
4α
(2Bχ−3Aτ+2∑ γi), (5.4)
provided the integral (5.3) converges, i.e. 14α(2Bχ − 3Aτ + 2
∑
γi) > 0. Otherwise
there will be additional cutoff-dependent terms in (5.4). [15]
Replacing in (5.1)
δ(
∫ √
gˆe2αφ − V ) → δ(
∫ √
gˆeβφ[(∇φ)2 + ..]∫ √
gˆe2αφ
− R¯)
one obtains the partition function for fixed curvature per volume at η, γ, λ = 0:
Z(R¯) ∼ R¯−1+ Bχβ−2α− 32 Aτβ−2α . (5.5)
Scaling laws (5.2) and (5.4) are similar to the two dimensional ones.
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6. Outlook
Fixed Points Of Gravity With A Weyl Term
Conformally self–dual gravity can also be understood as quantum gravity with
the action ∫
M
d4x
√
g(λ+ γR + ηR2 + ρW 2+) (6.1)
in the limit
ρ→∞. (6.2)
(6.1) is the most general local renormalizable fourth order derivative action of four
dimensional gravity, up to the topological invariants τ and χ of the previous section.
In section 2, the metric was split into φ, diffeomorphisms ξ, moduli mi and five h¯
components. (6.2) can be understood as the “classical limit” for the h¯ components, in
which only the linearized W+-term O
†h¯ of (2.5) is important for the h¯-intgral. This
Gaussian integral can be performed at each point g0(φ, ξ,mi),
∫
Dh¯e−ρ
∫
d4x
√
gW 2+ ∼ det(ρOO†)−
1
2
g0 = det(ρO
†O)−
1
2
gˆeφ
.
This leads again to the integral (2.6), our starting point. (The extra factor ρ only
renormalizes the cosmological constant and does not influence the anomaly coefficients
of section 3.)
Being fourth order in derivatives, the R2- and W 2+-terms will give rise to negative
norm states. But this will not bother us in the limit ρ → ∞, because the W 2+-term
decouples and we can again tune away the R2-term in the end. Of course, the new
fourth order derivative action S0 is induced by the conformal anomaly as in section 3.
One might worry that the renormalization group flow will take us from ρ ∼ ∞ to
finite ρ so that the limit (6.2) does not make sense as an effective theory. However,
since at ρ ∼ ∞ the five h¯ components decouple from the other five components of the
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metric, ρ ∼ ∞ corresponds to a renormalization group fixed point. More precisely,
defining ǫ ≡ 1√ρ , rescaling h¯→ ǫh¯ and expanding the action in ǫ, one obtains:
L0[φ, x] + h¯OO
†h¯ + ǫLi[h¯, φ, x] + o(ǫ2) (6.3)
where L0 is the h¯-independent part, and Li are interaction terms of h¯ with itself, φ
and x, x representing the matter. Thus the beta function for ǫ ∼ ρ− 12 will receive
contributions only from diagrams that couple h¯ and φ, so it will be at least of order
ǫ and vanish as ǫ→ 0. If (λ¯, γ¯, η¯) is a fixed point of L0, then (λ¯, γ¯, η¯, ρ =∞) will be
a fixed point of (6.1).
Presently I do not know whether it will be infrared stable or unstable. If it turns
out to be infrared stable, (1.1) describes a “conformally self-dual phase” of higher
order derivative gravity – obviously not the world we live in. If it turns out to be
ultraviolet stable, and if gravity with a Weyl term has something to do with reality,
one could speculate that (1.1) describes gravity at short distances.
Hopefully the results found in section 5 will be the starting point for finding
similar results for ρ finite or zero.
Topological gravity:
In two dimensional quantum gravity the correlation functions of local operators
are related to the correlation functions of topological gravity [10] which are intersection
numbers of submanifolds on the moduli space of Riemann surfaces with punctures.
Given the similarity of conformally self-dual quantum gravity to two dimensional
quantum gravity, it would be very interesting to see if there is a similar relation
between it and four dimensional topological gravity[9]. This is suggested by the fact
that the moduli space of the latter theory seems to be precisely the moduli space of
conformally self-dual metrics that arose here. One could look for a matter system,
analoguous to the c = −2 system in two dimensions [17] that, coupled to gravity,
reproduces the BRST multiplet of 4D topological gravity. The relation between the
“topological” and the “physical” phase of quantum gravity could then be studied in
a less trivial model than the two dimensional one.
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Conclusion
Surprisingly enough, methods of two dimensional quantum gravity can be applied
to four dimensional quantum gravity at least in the limit of infinite Weyl coupling.
The scaling laws are similar to those of two dimensions and can hopefully be compared
with numerical simulations based on random triangulations.
∗
It remains to be seen
whether analogs of the Virasoro constraints decouple the negative norm states arising
from the fourth order derivative term that is induced by the conformal anomaly.
Many other interesting questions could now be asked, but this will be left for the
future.
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Note added
The original version of this paper did not contain the values of aO, bO, aL, bL, aM ,
and bM . After it appeared, it was pointed out
[18] [19]
that the coefficients aO + aL and
bO + bL have been computed long ago
[20]
and that aM , bM for M in (3.3) can also be
infered from the literature
[21]
with the results:
aO + aL =
796
120
bO + bL = −1566
360
aM =
−8
120
bM = −−28
360
, (A.1)
see [18] for independent checks. We can now make some numerical predictions: with
these results one obtains from (3.11) and (4.8)
A =
1
120
(N0+6N 1
2
+12N1+788), B = − 1
360
(N0+11N 1
2
+62N1+1538) (A.2)
where N0, N 1
2
, N1 are the number of conformally coupled scalars, spin
1
2 fermions and
∗ predicted values of exponents and analog of c = 1 barrier are given in the note below
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massless gauge fields. (4.12), (4.13) and (4.14) become
2α = −B −
√
B2 + 4B,
β = −B −
√
B2 + 2B ,
γi = −B −
√
B2 + (4−∆i)B
(A.3)
Thus α will be real if B ≥ 0 or B ≤ −4. The second constraint is the relevant one
since B is negative. The reality constraint B ≤ ∆i − 4 on γi is weaker than the
one for α in (A.3) as long as we allow only operators with positive dimension ∆i.
The signs in front of the square roots have been picked to give the correct results
α = β = 1, γi = 2− ∆i2 in the classical limit B → −∞.
To compare with two dimensional gravity, redefine the anomaly coefficient b of
(3.2) as c˜ ≡ −360 b, so that c˜0, c˜ 1
2
, c˜1 are 1, 11, and 62. B ≤ −4 becomes
c˜mat + c˜L + c˜O + c˜M ≥ 1440→ c˜mat ≥ −98. (A.4)
The analoguous restriction in two dimensions is cmat ≤ 1, where cmat is the matter
central charge. If the cosmological constant term is absent, the barrier for c˜, rather
than being –98, is determined by the lowest dimension operator. We see that in
pure gravity α is real. In contrast with two dimensions, the situation is improved by
adding conventional matter like conformally coupled scalar fields, families of fermions
or gauge fields. The c˜ = −98 barrier would only be crossed by adding exotic matter
with positive anomaly coefficient b in (3.2). It would be very interesting to investigate
if the barrier becomes positive as we move away from ρ ∼ ∞ in (6.1).
Using the values (A.1), we conclude that for conventional matter, on the sphere
and at the critical point, Z(V ) always diverges (faster than V −1) at small volumes
and Z(R¯) at large curvature per volume. E.g, for pure gravity on the sphere, (5.2),
(5.5), (A.2) and (A.3) lead to the predictions:
Z(V ) ∼ V −3.675.. Z(R¯) ∼ R¯ +3.194.. (A.5)
20
REFERENCES
1. A.M. Polyakov, Phys. Lett. 103B, 207 (1981)
2. F. David, Mod. Phys. Lett. A3, 1651 (1988)
3. J. Distler and H. Kawai, Nucl. Phys. B 321, 509 (1988)
4. V. Knizhnik, A. M. Polyakov and A. B. Zamolodchikov, Mod. Phys. Lett. A3,
819 (1988)
5. M. E. Agishtein and A. A. Migdal, Nucl. Phys. B350, 690 (1991)
6. E.g., D. J. Gross and A. A. Migdal, Nucl. Phys. B 340, 333 (1990) and
references therein.
7. I. Antoniadis and E. Mottola, Los Alamos preprint LA-UR-91-1653 (1991)
8. E. D’ Hoker, Mod. Phys. Lett. A6, 745 (1991)
9. E. Witten, Phys. Lett. B 206, 601 (1988); J.M.F. Labastida and M. Pernici,
Phys. Lett. B 212, 56 (1988)
10. E. Witten, Nucl. Phys. B 340, 281 (1990); E. and H. Verlinde, Nucl. Phys. B
348, 457 (1991)
11. L. Alvarez-Gaume´ and E. Witten, Nucl. Phys. B 234, 269 (1983)
12. In T. Eguchi, P. B. Gilkey and A. J. Hanson, Phys. Rep. 66, 213 (1988), after
I. M. Singer
13. E.g., M. J. Duff, Nucl. Phys. B125, 334 (1977); N. D. Birrell and P. C. W.
Davies, “Quantum Fields in Curved Space,” Cambridge University Press 1982
14. E.g., M.B. Green, J.H. Schwarz and E. Witten, “Superstring Theory”, Cam-
bridge University Press 1987
15. N. Seiberg, Prog. Theor. Phys. S 102, 319 (1990)
16. E.g., M.F. Atiyah, N.J. Hitchin and I.M. Singer, Proc. Roy. Soc. London
A362,425 (1978)
21
17. J. Distler, Nucl. Phys. B342, 523 (1990)
18. I. Antoniadis, P.O. Mazur and E. Mottola, preprint CPTH-A173.0492 / LA-
UR-92-1483 (1992)
19. E. Elizalde and S.D. Odintsov, Barcelona preprint UB-ECM-PF 92/12 (1992)
20. E.S. Fradkin and A.A. Tseytlin, Nucl. Phys B 201, 469 (1982)
21. A.O. Barvinsky and G.A. Vilkovisky, Phys. Rep. 119, 1 (1985)
22
